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Monte Carlo simulations on discrete space-time lattices have been successful as a non-
perturbative numerical approach to particle physics. However, many important models such
as supersymmetric systems, chiral gauge theories, and finite density QCD have complex or
negative Boltzmann weights, and Monte Carlo simulations cannot be simply applied to such
models. This is called the sign problem. Although there have been many studies aiming
to reduce its difficulty, the sign problem is inseparable from the probabilistic treatment of
physical systems. This is a strong motivation to seek deterministic ways rather than Monte
Carlo schemes, and tensor network is a powerful tool to break the situation. In this thesis,
we consider applications of coarse-graining algorithms for tensor networks to particle physics.
This thesis consists of mainly three topics: new tensor network formulation for scalar bosons,
investigation on a two dimensional supersymmetric model, and application to fermions in
higher dimensions.
Scalar bosons are fundamental building blocks of many models in particle physics, but the
continuous d.o.f. do not get along with tensor networks, which are labeled by discrete indices.
To resolve the issue, we introduce a new tensor network formulation for scalar bosons, in which
the scalar fields are simply discretized using the Gaussian quadrature rule. At first glance, it
might be seen as a drastic approximation; then, using the new method, we analyze the two
dimensional φ4 theory to obtain the critical coupling constant in the continuum limit. The
resultant value agrees well with previous works, and that supports the effectiveness of our new
method.
In two dimensions, there are many interesting models in which the sign problem appears. In
this thesis, the N = 1 Wess–Zumino model, a simple supersymmetric model, is analyzed using
tensor networks. The model contains a one-component real scalar field and a two-component
Majorana spinor field. To deal with the scalar fields, the new formulation described above is
employed. In this work, before investigating the interacting cases, an application to the free
Wess–Zumino model is discussed. In the free case, the exact solution of the Witten index,
which is equivalent to the partition function with periodic boundary conditions, is known. We
show that our new formulation reproduces the analytical result.
The coarse-graining techniques for tensor networks have been used in lower dimensions.
We are aiming to apply them to four dimensional systems in future. To achieve the goal, in
this thesis, an application to fermions in higher (more than two) dimensions is discussed. We
introduce a new coarse-graining algorithm for tensor networks including Grassmann variables,
which is applicable to any dimensional system. Typical models in two and three dimensions are
numerically studied using the new algorithm, and the consistency between exact and previous
results and ours is checked.
1In this work, coarse-graining algorithms for tensor networks are applied to two dimensional
models with a new formulation for scalar bosons, and a new algorithm suitable for three
and higher dimensional fermion systems is proposed. This thesis is based on our published
work [1–3].
■Scalar bosons In this thesis, we introduce a new formulation for scalar bosons, and, using the
new formulation and the TRG method [4], the critical coupling constant of the two dimensional





= 10.913(56) with the bare coupling
λ and the renormalized critical mass squared µ2c . The result is consistent with recent works
by Monte Carlo simulations and other schemes although the TRG accuracy is known to get
worse near the criticality.
In the new formulation, integrals of scalar field in the path integral are replaced by dis-
crete summations using the Gaussian quadrature rule. In compared to the previous method
proposed by Shimizu in ref. [5], our new method can avoid the loss of significant digits.
In the detail analysis, the thermodynamic limit, which is essentially needed in studying
critical phenomena, is taken into account. The coarse-graining of space-time allows us to
effectively take the thermodynamic limit in a direct way: just repeating iterations. In the
TRG methods, the computational complexity is proportional to the logarithm of space-time
volume, and, in this study, this advantage is fully taken.
Systematic errors that come from the discretization of scalar field and the truncation of
tensor bonds are seriously discussed. As a result, the error from the discretization is smaller
than that of bond truncation for tensors as long as we deal with the two dimensional φ4 theory
using the simplest version of the TRG. This encourages further analyses using improved coarse-
graining algorithms, e.g. the TNR [6] and the loop-TNR [7]. By using such methods with
our new formulation, more precise computation of the critical coupling constant would be
achieved.
■Supersymmetric systems In this thesis, we discuss an application of the TRG to the two di-
mensional N = 1 Wess–Zumino model [8, 9]. In this work, before making a detailed analysis of
interacting theory, we put our focus on the non-interacting case to verify our new formulation.
To make a tensor network representation of the model, we apply our new formulation for
scalar bosons to the case with multi-component scalar fields, and, in the fermion part, known
techniques are adjusted to the Majorana case. For both of them, we do not fix the detail of
the superpotential. Then, one can easily adopt the techniques in this thesis for other models.
One will find that the essence of making tensor network representation is the treatment of
hopping structures in the theory, and this is the reason why the detail of the theory does not
matter to tensor network structures; i.e. the important thing is the kinetic term, and on-site
interactions just changes tensor elements.
The tensor network formulation and the Grassmann TRG [10, 11] well reproduce the an-
alytical solutions of the partition functions for free Majorana–Wilson fermion, free Wilson
boson, and the combined system of them. Namely, the Witten index of the free Wess–Zumino
model is well reproduced using our formulation.
Now, the interacting case or more complicated systems are within the range. In the inter-
acting Wess–Zumino model, explicit breaking of the Z2 symmetry owing to the insertion of the
Wilson term into the boson part has to be seriously considered. Before discussing the physical
effects, restoration of the symmetry has to be numerically confirmed in the continuum limit.
■Towards higher dimensions In this thesis, we propose the Grassmann version of the
HOTRG [12] to open a path to four dimensional QCD. Using the new algorithm, we
computed some quantities for two dimensional free/interacting theories and three dimensional
2free theory. Obtained results are consistent with previous and exact results, and this ensures
the correctness of the new algorithm.
The relationship between the hierarchy of eigenvalues and the systematic error is also dis-
cussed. As in the case of the normal TRG and HOTRG, the hierarchy seems to get milder
near the criticality, and this property is observed also in the cross-over region. This result is
consistent with the previous study of the same model in ref. [13].
Using the new algorithm one can deal with any dimensional fermion system in principle.
Compared to the normal HOTRG, special treatments for the Grassmann variables affects
the computational complexity as a constant factor; in other words, the computational time
and memory requirement of the Grassmann HOTRG is basically the same as that of the
normal HOTRG. However, the computational complexity becomes extremely demanding in
four dimensions or over. Then, further improvements of the algorithm are awaited.
Possible ways to reduce the costs are the projective truncation approach in ref. [14] and
Monte Carlo approach discussed in an appendix of this thesis. In the appendix, we combine
a Monte Carlo multiplication technique with the HOTRG.
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